A method is introduced to calculate for a model set of molecular levels the spectral line shapes expected for a variety of conventional laser experiments including absorption, hole burning, fluorescence line narrowing, and Raman scattering. The method allows the incident laser field to have arbitrary intensity. Furthermore, the effects of model Gaussian or Lorenzian inhomogeneous distributions are readily incorporated. Earlier results for a two-level system are easily obtained and new results are presented for inhomogeneously broadened two and three level systems, and for the effects of pure dephasing on the strong field spectra. In particular we have described the differences between fluorescence and Raman in strong fields, and the effect of strong fields on the spontaneous emission of inhomogeneously broadened transitions. Some predictions are made regarding line narrowing experiments in the strong-field limit.
I. INTRODUCTION
Many different types of experiments using lasers are carried out in which the result of the interactions with the radiation can be well modeled by two or three level molecular systems coupled to near resonant light fields. Most of the resulting dynamical and spectroscopic effects are already understood in principle, yet there is no standard approach to multilevel problems. Different authors use different approximations and assumptions; some descriptions are valid for only weak fields, others for processes in the absence of dephasing effects, and others for only homogeneous systems. Clearly there is a need for a unified approach to such problems, particularly aimed at being useful to spectroscopists who will require an explicit formulation of line shapes, line positions, and intensities corresponding to the various dynamical processes that can occur on excitation of sets of molecular energy levels in light fields of arbitrary strengths. In this paper we describe such a general approach which can be applied in a straightforward manner to a wide variety of experiments currently possible with lasers. We confine the discussion to incoherent spectroscopies such as optical absorption, fluorescence, resonance Raman, fluorescence line narrowing, optical hole burning, and variants on these standard methods. The approach involves correlation function techniques and yields the incoherent spectra in terms of the steady state density matrix elements that are frequently used to describe coherent optical phenomena. The nonperturbative method used for obtaining the density matrix has already proved useful in the discussion of strong field effects in nonlinear coherent spectroscopies. I Besides the rotating wave approximation (R W A), the standard technique for calculating the density matrix ina) This research was supported by a PHS grant GMl2592 and in part the work supported by the National Science Foundation. MRL Program, under Grant No. DMR-8216718. b) A research Fellowship of the "Deutsche Forschungsgemeinschaft" is gratefully acknowledged. Pennanent address: Max Planck Institut fUr Biophysikalische Chemie, Abt. Laserphysik, Am Fassberg, D 3400 Gottingen, Federal Republic of Gennany.
volves two further approximations: First, Markovian relaxation dynamics are assumed which means the correlation times of the bath states are shorter than those of the system or the inverse Rabi frequencies of the field. 2 This leads to exponential decay and Lorentzian line shapes in the weak field limit. Although the Markov approximation has proved very useful it cannot completely describe the processes responsible for the far wings of resonance lines. Methods to describe the relaxation more generally via higher order correlation functions have been developed and reviewed recently.3 In this paper we will retain the Markov approximation and the results should be applicable to gaseous systems of low pressure of condensed systems at low temperatures. The second approximation involves the perturbative treatment of the external driving fields leading to a hierarchical ordering of the optical nonlinear responses in powers of the field strengths. This approximation certainly breaks down when the field is resonant with a transition whose width is smaller than the Rabi frequency of the field, since the perturbation series diverges in this case. In the following we will refer to such a situation as a strong field interaction, and we are interested in nonperturbative solutions for the line shapes of such nonlinear spectra.
Formulas similar or equivalent to some of the results that we will give in the following sections have already been given by other authors using different methods. Mollow thoroughly investigated the two-level case,4-7 and some three level situations have been discussed by Mollow, 8, 9 Mukamel et al., [10] [11] [12] [13] [14] [15] 2°- 25 We show here that in the multiple rotating reference frame all these situations can be described in a single, time independent notation. The calculations reduce to matrix inversions of dimension 2 X 2 or 4 X 4, with these matrices being subproblems of a 9 X 9 matrix given in our previous work. I This approach also accounts for incoherent population transfer (feeding) effects not included in some of the above mentioned studies.
There are several contributions to transition linewidths, namely the homogeneous width, power broadening, and inhomogeneous widths. While the first two are accounted for using previous methods, the latter require an average of the corresponding quantity over the distribution function of the inhomogeous ensemble. Depending on the location of singularities of these characteristic quantities in the complex plane, the averaged spectrum can exhibit linewidths determined mainly by homogeneous relaxation parameters. Such so called line narrowing capabilities have been demonstrated for coherent nonlinear spectroscopies in the weak field limit such as CSRS and difference frequency generation. Here we extend the averaging method to strongly driven systems and study the predictions for incoherent spectroscopies that would correspond to fluorescence line narrowing and hole burning in the weak field limit. Emission and absorption are usually described semiclassically from the work done by the polarization P of the medium on an infinitesimal probe field Es:
The spectrum is found by evaluating Eq. (1.1) for each Fourier component:
( 1.2)
The macroscopic polarization is then calculated in terms of the density matrix. In this semiclassical picture one can describe spontaneous emission as being stimulated by the black body zero-photon field at llJ s .25 However this can give erroneous results when the lower molecular level of the transition is populated, i.e., the method predicts attenuation of the zero-photon field. A method that gives correct results both for spontaneous and stimulated processes employs correlation functions of molecular transition operators. In Sec. II we show how such correlation functions can be evaluated in the multiple rotating frame approximation for arbitrary field strengths. Section III presents a general method to average these nonlinear spectra over Lorentzian or Gaussian inhomogenous distributions. Sections IV and V deal with applications to two-and three-level systems.
II. CALCULATION OF CORRELATION FUNCTIONS IN THE FULLY RESONANT MULTILEVEL MODEL
The spectrum of the emitted light under steady state conditions connected with the transition from an upper molecular levelljl) to a lower level Iv) is given by the Fourier transform of a correlation function G (t) (6):
(2.1)
For stimulated processes, this correlation function involves the commutator of the excitation and deexcitation operators a/l v = Iv) <JLI and aV/l = a!v' while the spontaneous process is described by the emission time ordering only26: ' -Bl'v,f.la(t ) 
which is a consequence of the relation G ( -t) = G *(t ).
To find the coefficients of the B matrix we take the average ofEq. (2.5) according to Eq. (2.4):
The required coefficients are, therefore, the coefficients of the solution of the Liouville equation for the density operator. In our previous paper 1 we solved the Liouville equation in Laplace space: (2.10) where p = Up is the transformed density matrix in the rotating frame, and 8(s) is the inverse of the Liouville superoperator (X -sl) in that frame. The transformation superoperator U has the matrix elements: =61'a6vr exp(isl'vllJjt), (2.11) where llJj is the (positive) transformation frequency associated with the jlV level pair, and s/lV is the sign of llJ/l V = (E/l -Ev )/" '. 32 The relation between Eq. (2.10) and its counterpart in the fixed frame is found by application of the transformation (2.11) to Eq. (2.9) followed by Laplace transformation. The result is ISl'v(() 
The final expressions for the spectra evaluated in the rotating frame are
If (()j is not already defined by the ingoing field frequencies, we may identify it with (()s' i.e., evaluate jL (0). This is the situation in all of the three-level cases discussed later. In the two-level case (()j is assigned to (() L, and consequently
III. AVERAGE OVER INHOMOGENOUS DISTRIBUTIONS
For an inhomogeneously broadened system modeled by a static distribution of energies the density matrix must be averaged over the corresponding distribution function. The averaged density matrix may then be used to calculate coherent as well as incoherent spectra of the inhomogneously broadened system. This will account for hole burning and fluorescence line narrowing in the incoherent case, and for line narrowing effects in coherent spectroscopies such as CSRS or difference frequency generation. 34 Below we give a general method to calculate such averages for systems subject to light fields of arbitrary strength using two types of model distribution functions, namely Lorentzians and Gaussians. In the limit of weak light fields the expressions reduce to those known from the perturbative treatment of the fields. The distribution function is in general (N -1) dimensional for an N level system, but can be reduced to a one dimensional problem under the assumption that all energy shifts are correlated. This is valid in the case of a Doppler broadened system, but not necessarily in glasses or crystals.
3 .5 The two-dimensional problem for the three-level system could be solved by a two-step averging procedure similar to the one discussed in Ref. 34 . This would require a numerical integration in the second step for Gaussian model functions.
As will be seen later the functions to be averaged are always of the form:
where x is the inhomogeneous distribution parameter and h and g are polynomials with no common linear factors. In all cases to be encountered g is of higher order in x than h, and alln zeroesPj ofg are different. Thus thefunctionf(x) can be expanded in partial fractions around these first order poles:
The coefficients are found via
which is easily adapted to numerical evaluation. Averaging the expression (3.2) over a Lorentzian distribution with width 2b yields
where Sj = sign [Im(p J)] • The average over a Gaussian with
Here w denotes the complex error function and sJ is defined as above. For numerical evaluation, tables of w as well as sufficiently accurate approximation formulas are available. 36 Thus the inhomogeneous averaging is reduced to finding the poles off (x), i.e., the roots of g(x). In the applications dealt with in this paper, as well as in all other situations involving only one strong field, the denominator polynomial g(x) is a product of terms quadratic in x. Therefore all the poles can be found analytically.
IV. THE TWO-LEVEL SYSTEM
The line shape functions for absorption and emission in a homogeneous two-level system are well known from Mollow's work 5 • 6 and have been discussed frequently in different theoretical frameworks. We briefly rederive these spectral functions to demonstrate our time independent method and pass then to the discussion of inhomogeneous ensembles. In accordance with the nomenclature of our previous work l we labelthe upperlevellb ) and the lowerlevella) as schematically shown in Fig. l(a) . An external light field with frequency (()L and Rabi frequency W = !-labEL is driving the system close to resonance, and the signal field frequency (()s is also (a) } I: 
The steady state density matrix is
With these coefficients set into Eq. (2.13) one obtains directly the expressions for the spontaneous and stimulated emission and absorption line shapes: 
A. Spontaneous spectra: Fluorescence and Rayleigh scattering
Figures 2-6 show various line shape characteristics for spontaneous processes in two-level systems. When there is no pure dephasing, i.e., rbb = 2r ab , spectral line shapes for increasing strength of the driving light field are given in Fig.  2 with the driving field on resonance. In the weak field limit only a sharp Rayleigh scattering spike is present, which with increasing field strength broadens and developes two sidebands at W L ± 2 W. When the pump beam is detuned from resonance (Fig. 3) the spectrum remains symmetric with respect to the pump frequency, but the intensity ratio of the center band to the sidebands may vary considerably. In particular the sidebands can become more intense than the center band. The introduction of pure dephasing drastically changes this picture. Even in the weak field limit the emission line is broad with width rab and centered at W~b not at WL (Fig. 4) . This is the expected behavior of fluorescence rather than Rayleigh scattering. With increasing pump field strength again a three line pattern evolves, but the intensities are no longer symmetric, the lines closer to Wab being enhanced with respect to the others. In the strong field limit the center peak moves to WL as would be typical for a Ramantype scattered spectrum. Figures 5 and 6 show the spectra stimulated for a broad inhomogeneous distribution of Gaussian shape without and with pure dephasing, respectively. The spectra are very similar to the spectra of the corresponding homogeneous systems. Detuning the driving field from the center of the inhomogeneous distribution has however, only the effect of shifting the whole spectrum as long as the detuning is smaller than the inhomogeneous width. In summary, the fluorescence spectrum is found to be line narrowed even in the case of strong driving light fields. From the intensity ratio, widths, and separations of the resulting three band spectra the molecular parameters rab,r ~b (the pure dephasing contribution), and J.tab could be extracted. 
B. Absorption and stimulated emission
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The spectra for the stimulated process behave quite differently to field variations. In Fig. 7 the absorption spectrum is shown for the same conditions used in Fig. 2 for the spontaneous case: No pure dephasing, on resonance excitation, and no inhomogeneous distribution. For weak driving field the conventional Lorentzian absorption line is produced, which broadens and splits for increasing field. For even higher fields "negative" peaks develop between these two absorption lines. These describe amplification of the signal wave and, consequently, stimulated emission takes place at these points in the spectrum. With the pump frequency detuned from resonance the spectrum becomes unsymmetric as shown in Fig. 8 . In the region closer to the (/Jab resonance the absorption is enhanced, while at the opposite end of the spectrum the emission peak builds up. The spectra of both detuned and on-resonance driven systems remain essentially unaltered when pure dephasing is introduced, in sharp contrast with the fluorescence case. Spectra for the inhomogeneously averaged are given in 
V. THREE LEVEL SYSTEMS
All three level problems reduce to the inversion of a 2 X 2 matrix that couples a/J.v via the strong field to another transition operator. Six cases arise depending on whether the lower or the upper level of the transition J-l-W couples to the strong light field, and whether the third level lies below, between or above the emitting/absorbing level pair J-lV. All these 2 X 2 problems are easily found as submatrices of the full Liouvillian matrix for the three level system, which is given in Eq. (34) sentation of these six situations. In the following we will discuss two of these in detail.
A. Fluorescence and resonance Raman spectra
The level system under consideration is pictured in Fig.  lIb) These are the same results that Shen obtained via a perturbation expression of the density matrix to third order in the applied and generated fields 25 using the semiclassical formula (1.2). It seems natural to transfer his identification of the RRS and F parts to the corresponding terms with arbitrary field strength in Eq. (5.6). The RRS, thus defined, originates from the coherence P~e multiplied by Beb,ab' while the fluorescence part is determined by the population P~e for the spontaneous emission and the population difference P~c -P~b for the stimulated emission, multiplied by B cb,eb ' Before discussing line shapes we briefly address the in-homogeneous averaging procedure for the three-level system. The spectral function for a subset of the inhomogeneous distribution characterized by the parameter x is found by replacing:
where f3 = a-I. This is a fully correlated model for the distribution. All denominators in all the six possible cases will be of the general form: (-" 1 + UX)(-"2 + Vx) + A. Consequently the poles are found directly as
(5.10)
Line shapes for various values of the system parameters are simulated in Figs. 10--12. In all cases the ingoing field frequency was set detuned from the (J)ea center frequency by an 
(5.11)
In other words, a peak at the fluorescence resonance frequency is dependent on the existence of pure dephasing only if the perturbation expansion is terminated at third order. The effect of pure dephasing is demonstrated in Fig. 11 . With the pure dephasing parameter equal for all level pairs and only 1% oftherab andF be parameters, the fluorescence at (J)s = (J)eb becomes much stronger than the Raman scattering in contrast to the situation to the situation described in Fig. 10 . Increasing the Rabi frequency of the driving field again shifts these resonances apart, but now it is the Raman peak that grows in relative intensity. Figure 12 gives the result expected for a broad Gaussian inhomogeneous distribution. When the inhomogeneous width is much larger than all homogeneous width parameters, the ensemble average of the perturbative result [Eq.
(5.8)] predicts a single resonance atw s -Web = (a -1)d la.
The width is a weighted average of the fluorescence (Feb) and Raman (Fab) widths with the correlation factor a as scaling factor. For a = 2 the line falls exactly between the expected positions for Raman scattering and fluorescence. With increasing strength of the driving light field this line broadens and finally splits into two unsymmetrical lines with broad wings. Nearly the same pattern is obtained with or without pure dephasing. The emission in this case cannot always be specified as either fluorescence line narrowing or line narrowed resonance Raman scattering: For vanishing pure dephasing only Raman type terms contribute to the ensemble average, however with pure dephasing either the fluorescence or Raman contributions could dominate the spectrum of most subsets. In general the linewidth is a function of both the fluorescence and Raman widths. Analytic expressions for the line narrowed widths can be found performing the average with a Lorentzian distribution. 34 In the limit of weak field and no pure dephasing, a linewidth for the emission line of
In the presence of pure dephasing additional contributions arise at the same frequency but having widths:
F=F be +(I-a}FaJa.
The total line contains several terms and also cross products, but the sharpest contribution is expected to dominate the spectrum. In our example Fab ::::::F be> F ae , so that the spectra have very nearly the homogeneous Raman and fluorescence linewidths.
B. Saturation-type hole burning (non-photochemical)
We consider now the situation in which the ab level pair is driven by a strong light field and the a~ transition spectrum is probed. [Fig. l(c) The steady state density matrix elements are those for the two-level system already given in Eq. (4.3). According to Eq. (2.13) the spontaneous emission is proportional to P~e which is identically zero. Therefore only the stimulated spectrum exists and is found to be
(5.13) For the inhomogeneous distribution we make the same substitutions ofEq. (5.9) as in the previous section. The simulated absorption spectra are given in Figs. 13-15 . In a homogeneous system the absorption line is Lorentzian in the weak field limit W = 0, but broadens and finally splits into two line increasing Rabi frequency of the driving field (Fig. 13) . Adding a pure dephasing contribution of the same amount as in the fluorescence case in the previous section does not significantly alter these line shapes. With the driving field detuned the splitting of the line is unsymmetrical as shown in Fig. 14 , and the sideband is significantly enhanced by the dephasing (Fig. 15) .
Convolution with a broad inhomogeneous distribution presents a completely different line shape pattern: Without the driving field the absorption band just reproduces the broad inhomogeneous distribution function, in our case a Gaussian (Fig. 16) . With the driving field switched on, a hole developed in this broad absorption line shape at (J)s -(J)eb = (1 -ajd la, whered is the detuning of the driving field frequency from the center of the inhomogeneous distribution. With increasing W this hole broadens, but does not split into two "negative lines" as occurred in the two level case (Fig. 9) . The inclusion of pure dephasing contributions to the relaxation parameters results in significant additional broadening of this hole but no new features arise.
VI. SUMMARY
In the present paper we have introduced a simple method to derive formulas and simulated line shapes for many types of noncoherent spectroscopies of systems under the influence of strong optical driving fields. Some of the results have been given before by other authors, but we believe the present approach to be particularly useful and generally applicable. In addition we give a general procedure to average all these spectra over inhomogeneously broadened distributions. Explicit formulas for Gaussian and Lorentzian distribution functions are given. This allows for modeling of fluorescence line narrowing, line narrowed resonance Raman, and non photochemical hole burning situations. The same procedure can however, be used to perform the ensemble average for coherent spectroscopies like CARS, CSRS, sum, and difference frequency generation in strongly driven systems, for which formulas of the homogeneous spectra have been given recently.! The model can be further extended by adding rate equations connecting the populations to other levels not directly coupled to the light fields, thus incorporating photochemistry, ionization, or bottleneck bath states. 44 and the average involves the total density operator of the system in the absence of the interaction. For a two-level system and a field mode with creation and annihilation operators b + and b the interaction in the rotating wave approximation is V(t) = D. (a",,(t) b + e"" '-a"v(t) 
b ria>,).
The average over the field density operator yields 1= D2(n + I)L+~~dt (a""a"v(t) e"" ', + D 2 n L+ ~~ dt (a""(tja,,v) ei-a>'. with no photons in the field initially (n = 0) this gives the spontaneous result, while the terms proportional to n give the formula for stimulated processes. It can be brought into the form ofEq. (2.2) by substituting twith -tin the second integral and using the relation (x( -tlY) = (xy(t). The effect of the driving field is incorporated into the density operator of the molecular systern semiclassically. The probe is described quantum mechanically through its operators b and b +.
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